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Abstract. Treating the two-dimensional Minkowski space as a Wick rotated version 

of the complex plane, we characterize the caiisal automorphisms in two-dimensional 
Minkowski space as the Marzke- Wheeler maps of a certain class of observers. We also 
characterize the differentiable causal automorphisms of this space as the Minkowski 
conformal maps whose restriction to the time axis belongs to the class of observers 
mentioned above. We answer a recently raised question about whether causal 
automorphisms are characterized by their wave equation. As another application of 
the theory, we give a proper time formula for accelerated observers which solves the 
twin paradox in two-dimensional Minkowski spacetime. 
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1. Introduction 

In 1964, Zeeman [TT] proved the following rigidity theorem on causal automorphisms: 

Theorem 1.1 In n > 3 dimensional Minkowski spacetime, every causal automorphism 
is the composite of a translation, a dilation and an orthochronous Lorentz 
transformation. 

Recently, the solution to the long standing problem of the characterization of 
causal automorphisms in two dimensional spacetime was given by Kim [2] (see also 
Treating the two-dimensional Minkowski space as a Wick rotated version of the complex 
plane, this paper gives another equivalent characterization of causal automorphisms in 
terms of Marzke- Wheeler maps and proves for the first time that differentiable causal 
automorphisms are in fact conformal isometrics. Moreover, we prove the following 
characterization of differentiable causal automorphisms in terms of Minkowski conformal 
maps: 

Theorem 1.2 In two dimensional Minkowski spacetime, F is a causal automor- 
phism if and only if F is a Minkowski conformal map whose restriction to the time 
axis intersects every lightray. 

The above is a new result not included in the well known theorem by Hawking : 

Theorem 1.3 A causal isomorphism between strongly causal spacetimes of dimension 
strictly greater than two is a conformal isometry. 

In particular, the characterization of causal automorphisms in terms of Marzke- 
Wheeler maps gives a negative answer to a recently raised question posed by Low [1] 
and commented in [3], who wonders whether two dimensional Minkowski causal 
automorphisms are characterized by their wave equation. However, we prove the 
following characterization for two dimensional Minkowski causal automorphisms: 

Theorem 1.4 F is a C"^ causal automorphism if and only if F is a M.2-holomorphic 
or M.2-antiholomorphic map (see Definition 4-1) whose restriction to the time axis 
intersects every lightray. 

Finally, a proper time formula for accelerated observers in two dimensional 
Minkowski spacetime is given in the appendix. This formula solves the twin paradox in 
this space and reproduces the well-known slowing down of clocks in the gravitational 
acceleration direction. 



2. Preliminaries 



In what follows we will denote by A^2 the two-dimensional Minkowski space and all 
causal morphisms F are intended to be F : A^2 — )■ A^2- The associated curve of a 
function F : /A2 — )■ is the function restricted to the time axis; i.e. the function 
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Figure 1: Timelike future and past directed regions 



7 such that 7(3) = F{s, 0) for every real s (in general, F will be continuous so 7 will 
be a continuous curve). Unless explicitly stated, differentiable maps are maps and 
continuity is relative to the Euclidean topology. 

Definition 2.1 Consider a pair of points x and y in A4.2- We say that: 

(i) X causally precedes y (x < y) if x — y is a future directed null vector, 
(a) X chronologically precedes y (x « y) if x — y is a future directed timelike vector. 

It will be convenient to define the following causal and chronological regions (see 



• C^ip) = {xe M2 / p<x} 

• C]^{p) = {x e M2 / X < p} 

• C:^{p) = {x e M2 I p « x} 

• Cj.{p) = {x e M2 I X « p} 

• Cn{p) = C^(p) UCjv(p) 
. Ct(p)=C+(p)UC^(p) 

Definition 2.2 F is a causal morphism if F preserves <; i.e. x < y implies 
F{x) < F{y). F is a causal automorphism if F is bijective and F and F^^ preserve <. 

In particular, if F is a causal morphism then F{1) C /' where / and /' are lightrays. 
Moreover, if F is a causal automorphism then F{1) = I' where / and /' are lightrays. For 
the following lemma see [6] . 

lemma 2.1 F is a causal automorphism if and only if F is bijective and F and F~^ 
preserve <<. 



Figure [T]) : 
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In two-dimensional Minkowski space A^2 we can distinguish between right and 
left moving lightrays. Thus, for every point p in A^2 there exists a unique pair 
consisting of a left and a right moving lightrays I Lip) and I nip) respectively such that 
{p} = ^l{p) n Ir{p)- By definition, it is clear that a causal automorphism maps parallel 
lightrays into parallel lightrays. This motivates the following definition: 

Definition 2.3 A causal morphism F is orientation preserving (reversing) if F maps 
right moving lightrays into right (left) moving lightrays. 

We will see later that for causal automorphisms, the previous definition is 
equivalent to the differentiable one [10]. It is important to remark that the concept 
of lightray in two dimensional spacetime is purely mathematical for electromagnetic 
theory in this dimension has no propagation. This is because there is no magnetic field 
so there are no electromagnetic waves. Moreover, the photon of two dimensional QED 
is a free massive boson [8]. 



3. Algebra of the two-dimensional Spacetime 

Consider the associative real algebra A = ]R[cr] such that cr^ = 1; i.e. 

A = R[x]/{ -1) 



with the conjugation a + b(7 = a — ba. Defining \a\j^ = a a we have that 

\a-b\l = \a\l \b\l 

This quadratic form comes from the inner product (a, b) = Il^{a ■ b) where 11° is the 
projection over the first coordinate. In what follows, we will identify the two dimensional 
spacetime A^2 with the algebra A through the correspondence (see Figure |2]) 



(x, C t) -H- C t + X (T 

where c is the speed of light. It is interesting to see that this algebra encodes the usual 
special relativistic kinematic relations. The 2-velocity u associated to the 1-velocity v is 

c + v a 1 + V 

u 



\c + v a\L /i 



r.2 



and the Lorentz transformation is just p' = u ■ p; i.e. 

1 + , ^ , t+^x ^ x + vt 

p = u ■ p = — ^ ■ [ct + X a) = c — H ■j^=^= cr 

1-4 



The addition of velocities formula is just the product of the respective 2-velocities: 
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Figure 2: Two dimensional Spacetime Algebra 



where 

V + w 
V * w = 

1 + 



V w 
c2 



This way, Special Relativity in two dimensional spacetime becomes a Wick rotated 
version of the complex numbers. 

4. Marzke- Wheeler Map 

An observer is a continuous curve 7 : M — )■ A^2 such that 7(t) G C^(7(s)) for every t > s 
and 7(t) G C^{'y{s)) for every t < s, for every real s. We define the Marzke- Wheeler 
map : A^2 — ^ -^2 of an observer 7 as follows: 

{n,{p)} = iMsL))niR{^{sn)) (1) 

such that {(sl,0)} = /^(p) n (M x {0}) and {(sjj,0)} = Ir{p) n (M x {0}) (see Figure 
[3]). This map [Sj is clearly an extension of the Einstein synchronization convention for 
non accelerated observers. 

Proposition 4.1 Consider an observer j. Then, 

7(g + x)+7(g-x) 7(g + x) -7(s-x) 
i2^(s + xa) = + a (2) 



Proof: 



10 / , N / , m2 |7(s + a;) - 7(s - a;) , .,,2 
\n^{s + xa) - 7(s ±x)\l = \^ ^ ■ {a T 

7(5 + 2;) -7(s-x) 2 _ ^^,2 



liK^T 1)11 = 

because I (cr =F 1)11 = 0. □ 
Corollary 4.2 T/ie Marzke- Wheeler map of an observer is continuous. 
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Figure 3: Marzke- Wheeler map 



If 7 is a observer then the Marzke- Wheeler map verifies the relation 

doil^ = a diily (3) 
The above property implies that the Marzke- Wheeler map has a wave like motion: 

nn^ = o (4) 

such that fi^(s) = 7(s) for every real s and observer 7. This motivates the following 
definition: 

Definition 4.1 We say that a function F : A^2 — ^ is M.2-holomorphic if d^F = 
a diF and M.2- antiholomorphic if OqF = —a diF. If F : M2 M.2 is a M.2- 
holomorphic function, we define its A4.2-derivative as DF = OqF = a diF. Is clear that 
M.2-holomorphic and M.2-0'ntiholomorphic functions have wave like motion. 

Proposition 4.3 If '-y is a observer then VL-^ is a conformal map and its conformal 
factor is \DVL^W. 

Proof: 



= U^ei DVt^ on., Ej) 
= (^j, £j) = |Z)f2^|^ 7]ij 

where = 1 and £1 = 0". □ 
The above proposition shows that acceleration is equivalent to a conformal map in 
two dimensional fiat spacetime. Because -Roioi = where R is the Riemann curvature 
tensor, we conclude the interesting fact that the conformal factor logarithm of the 
Marzke- Wheeler map has also a wave like motion: 

Dlng = (5) 

where g = |-Di7^|| for observers. 
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lemma 4.4 If ^ is an observer then is an orientation preserving continuous causal 
morphism. 



Proof: By Lemma 4.1 and the fact that 7 is continuous, is clear that fi-^ is continuous. 
By definition, preserves < and maps right (left) moving lightrays into right (left) 
moving lightrays. □ 

5. Causal Automorphisms as Conformal Isometries 

Definition 5.1 We say an observer 7 : M — t- Ai2 verifies the Lightray Intersecting 
Property (LIP) if every lightray intersects 7(M). 

lemma 5.1 If F is a causal automorphism then its associated curve is an observer; i.e. 
7 is an observer where 7(3) = F{s) for every real s. 

Proof: To prove that 7 : M — )■ A^2 is continuous it is enough to show that 7 maps a 
monotone convergent sequence into a convergent sequence. Consider a strictly ascending 



convergent sequence (s„) of real numbers such that s„ — )■ Sq. Because of Lemma 2.1 



7(si) « 7(52) « 7(53) . . . « 7(so) (6) 



and we have that 7(s„) G C^(7(si)) nCy(7(so)) for every n > 1. In particular, the 
sequence (7(s„)) is contained in a compact set and by the Bolzano- Weierstrass Theorem, 
{l{sn)) has a limit point p such that 

7(si) « 7(52) « 7(53). •• «P (7) 

For if there is a natural such that 7(A^) doesn't chronologically precede p then 
C^i^j^SN+i)) ^C2'{p) = which implies (because of (6)) that p is not the limit point of 
the subsequence {'y{sn))n>N which is absurd. Consider an open disk D^{p) centered at 
p of radius e. There is a natural m such that 7^ G De{p) and because of ([T]), for every 
n > m we have 

7(s„) G C+(7(s„)) nC^(p) C D,{p) 
and we conclude that (7(s„)) — )■ p. In particular. 



C+(p)= f|C+(7(s„)) 

neN 

If p = 7(so) we are done. If not, C^{p) H (7(59)) is an open non empty set such that 

F-i(C+(p)nc^(7(so))) c I n^"'(C^(7(^n))) ] nF-^(C^(7(3o))) = 



^neN 



Pi (s„, +00) n (-CX), So) = [so, +00) n (-00, So) 



^neN 
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which is absurd. The argument for a descending sequence is analogous. We have shown 
that 7 is continuous. Is clear that the continuous curve 7 is an observer for 

7(s + h) = F{s + h) » F{s) = 7(5) 

because s + h » s such that h > where s and h are real numbers. □ 

lemma 5.2 Consider a causal morphism F. Then, F is a causal automorphism if and 
only if its associated curve 7 is an observer verifying LIP. 



Proof: Suppose that F is a causal automorphism. Because of Lemma 5.1, 7 is an 
observer. Consider a lightray /. There is a unique lightray /' such that F{1') = I and 
intersects the real line (time axis) in the real Sq. Then, / intersects 7 in the point 7(^0). 
Conversely, consider a point p in A^2- There is a unique pair consisting of a left and a 
right moving lightrays Il{p) and Ir{p) respectively such that {p} = Il{p)^^r{p)- Because 
7 is an observer verifying LIP, {"i^si)} = liip) ^ and {^{sr)} = Ir{p) fl 7(M). 
Because F is a causal morphism, if F is orientation preserving then p = F{p') such that 
{p'} = n/R(sR) for 

{F{p')} = F{Il{sl) n Ir{sr)) = F{Il{sl)) n F{Ir{sr)) C Il{i{sl)) n Ir{i{sr)) = 

= lL{p)nlR{p) = {p} 

and p' is the unique point verifying that property. If F is orientation reversing then 
p = F{p') such that [p'} = Il{sr) n Ir{sl). □ 

Theorem 5.3 F : A^2 M.2 is a causal automorphism if and only if its associated 
curve 7 is an observer which verifies LIP and 

(i) F = if F is orientation preserving. 

(a) F = o z if F is orientation reversing. 

where z is the conjugate map. 

Proof: Suppose that F is orientation preserving. Because F is a causal automorphism, 
by Lemmas 5.1 and 5.2| 7 is an observer verifying LIP and then by Lemmas 4.4| and [53 



Q.y is also a causal automorphism. By Definition 2.2 and the remark below it, F{1) = I' 
where / and /' are lightrays and this property is also verified by Q^. Because 7(5) = F{s) 
for every real s and F is orientation preserving, then 

F{1) = Q^{1) 

where / is a lightray. Every point in A^2 is a unique pair consisting of a left and a right 
lightray Il{p) and Ir{p) respectively such that {p} = Il{p) H Ir{p). Then we have 

{F{p)} = F{h{p) n Ir{p)) = F{h{p)) n fMp)) = n,{h{p)) n = 

= n,{iL{p)niR{p)) = {n,{p)} 
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and we get the result. For the orientation reversing case just replace Vlj hy ^ly o z in 



the previous proof. Because of Lemmas 4.4 and 5.2, the converse follows. □ 



The above characterization in terms of Marzke- Wheeler maps agrees with the one 
given in p] and [1]. In particular, we have shown that for causal automorphisms, 
definition |5.1| is equivalent to the usual notion of orientation preserving and reversing. 



Because of Lemmas 4.4 and 4.3, the above theorem implies: 



Corollary 5.4 In two dimensional Minkowski space, every causal automorphism is 
continuous and every causal automorphism is a conformal isometry. 

Proposition 5.5 Let F : A4.2 ^ -^.2 be a conformal map such that its associated curve 
7 is an observer verifying LIP. Then, 

(i) F = Qy if F is orientation preserving, 
(a) F = Qy o z if F is orientation reversing. 

Proof: Because F is a conformal map, its differential DF maps null vectors into null 
vectors and because F is C^, we conclude that F{1) C /' where / and /' are lightrays. 
Suppose that F is orientation preserving (in the usual sense). By Hypothesis, 7 is an 



observer verifying LIP and then by Lemmas |4.4 and 5.2, 17^ is a causal automorphism. 
In particular, Qy{l) = I' where I and I' are lightrays. Because 7(5) = F{s) for every real 
s and F is orientation preserving, then 

F{1) C n-y{l) 

where / is a lightray. Every point in A^2 is a unique pair consisting of a left and a right 
lightray Il{p) and Ir{p) respectively such that {p} = ^l(p) H l^ip)- Then we have 

{F{p)} = f{Il{p) n IM) = f{Il{p)) n F{in{p)) c n,{h{p)) n = 

= n,{iUp)niR{p)) = {n,ip)} 

and we get the result. For the orientation reversing case just replace fl^ by o ^ in 
the previous proof. □ 
We have shown the following characterization theorem: 

Theorem 5.6 In two dimensional Minkowski spacetime, F is a causal automor- 
phism if and only if F is a Minkowski conformal map whose associated curve 7 is an 
observer verifying LIP. 

6. Causal Automorphisms as Minkowski (anti) Holomorphic Maps 



Recently, Low |1] (page 4) has raised the question of whether causal automorphisms are 
characterized by wave equations: 
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"Comment: It is also worth observing that by considering the situation in terms of 
Cartesian coordinates, we can see that X and T are both given by solutions of the wave 
equation on (at least in the case where they are sufficiently differentiable) . It would 
be interesting to know whether there is a useful characterization of just which solutions 
of the wave equation give rise to causal automorphisms of M"^ ." 

Paraphrased in our terms, Low asks if the solution of the problem \3F = such 
that 7 is an observer verifying LIP where 7(s) = F{s) for every real s, is necessarily a 
causal automorphism. Proposition 5.3| gives a negative answer to that question, for a 



causal automorphism must be A^2-holomorphic or A^2-antiholomorphic and the general 
solution of the wave equation is a linear combination of both. For example, consider a 
pair of observers 71 and 72 and the function F = fi^^ + ° ^- Then, F is a solution of 
the wave equation such that its associated observer is 71 +72. However, by the previous 
theorem, if F is a causal automorphism then F = ^^7^+72 or F = ^^7^+72 ° z, and we 
conclude that F is not a causal automorphism. 

However, we can give the following characterization for causal automorphisms: 

lemma 6.1 If F is a M.2-holomorphic or A4.2- o^ntiholomorphic C"^ function whose 
associated curve is zero then F = 0. 

Proof: In this proof we forget the algebraic structure considered so far and treat 
A^2 just as a real vector space. Suppose F is A^2-holomorphic and write F{x,y) = 
{Pix,y), Q{x,y)). Then, 

d,P = dyQ 

dyP = d,Q 

such that P(0, y) = Q{0, y) = for every real y. Because P and Q are real functions, 
the above equations and constraints are equivalent to the following: 



Q{x,y) = / dx' dyP{x',y) 
Jo 



such that DP = 0, P(0, y) = and dxP{0, y) = for every real y. These constraints 
imply that P = so Q = as well. We have proved that P = 0. The A^2- 
antiholomorphic case is similar. □ 

Theorem 6.2 F is a C"^ causal automorphism if and only if F is a A4.2-holomorphic or 
A4.2- o-ntiholomorphic function whose associated curve is an observer verifying LIP. 



Proof: The direct implication follows from proposition 5.3 For the converse, suppose 



that P is a A^2-holomorphic function whose associated curve is an observer 7. This 
way, 7 is and ^7 is also a A^2-holomorphic function whose associated curve 
is the observer 7. Then, P — fi^ is a A^2-holomorphic function whose associated 
curve is zero and by Lemma 6.1, P = ^7. Lemmas 4.4 and 5.2 imply that P is a 



causal automorphism. For the A^2-antiholomorphic case just replace Vt^ by ^7 o 2; in 
the previous proof. □ 
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Although a causal automorphism is not characterized by a wave equation, we have 
the following characterization in terms of it: 

Corollary 6.3 Consider a observer 'j verifying LIP. F is a C"^ causal automorphism 
whose associated observer is 7 if and only if 

Q{x,y) = q{y)± / dx' dyP{x' ,y) (8a) 

such that P verifies the following wave equation: 

UP =0 (86) 
P(0,i/) =p{y) (8c) 
9,.P(0,y)= ±q'{y) {8d) 

for every real y, where 7(2/) = {p{y),q{y)) and F{x,y) = {P{x,y),Q{x,y)) for every 
pair of reals x and y. 



Appendix A. Proper time formula for Accelerated Observers in two 
dimensional Minkowski Spacetime 

In Special Relativity, the proper time of a given timelike continuous future directed 



curve a is 



At 



1 



ds 



1 



vity 



dt 



(A.l) 

Following Marzke- 



c J J V 

where v is a's 1-velocity measured by an inertial observer 7. 
Wheeler synchronization convention for accelerated observers, by Lemma 4^ we have 
the following proper time formula relative to an accelerated observer 7: 



At 



ds 



\Dn^\L{x{t),ct) \ 1 



v{ty 



dt 



(A.2) 



c J J V 

where v{t) is a's 1-velocity and x{t) is a's position measured by the accelerated observer 



7 at the instant t. Formula A.2 simplifies to A.l if the observer is an inertial one for the 



conformal factor is one in this case. This way, formula A.2 is a generalization of A.l 
The twin paradox is the following: Consider a couple of twins A and B that 



use formula A.l to calculate the brother's proper time. The twin B launches in an 
accelerated space shuttle and then come back, relative to an inertial observer A who 
stays in the air base, and finds that A is younger than him at the same time that A 
also finds that B is younger than him, so. Who is the younger one? The abuse made by 
considering that certain formulas deduced for inertial observers remain valid for non- 



inertial ones is the origin of the twin paradox. Formula |A.2| solves the twin paradox for 



the accelerated twin B calculates the proper time of the inertial one A with formula A.2 
instead of using |A.1[ This way both twins agree that B is the younger one. 

Without an explicit proper time formula, a similar approach to the twin paradox 
is also studied in [7] . Because of the fact that 

Dlng = (A.3) 
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where g = \DQ^\'j^ for observers, we have shown that the proper time formula for an 
observer in two dimensional flat spacetime is: 

^h{x{t),ct) 



At = 

where h is a scalar field such that 
D h = 



dt 



As an application of formula A.2 consider a uniformly accelerated observer: 

/ a s \ 
7(s) = — exp ( — a) a 



'\Aa\ 



:i.5a) 



where a denotes its acceleration and c the lightspeed. By proposition 4.1, the Marzke- 
Wheeler map of the observer 7 is: 

[1.5b) 



c faz 
— exp [ — a \ a 



The conformal factor is: 

\DQy\L{s + xa) 



'a X 



:i.6) 



By the equivalence principle, we can think that the observer is at rest in a constant 
gravitational field with gravitational acceleration g = —a. By formula A.2 we have 
that: 



At(x) 



g X 



At 



[1.7) 



where At{x) is the time interval measured at x by the observer 7. This way we have 
the formula: 

g Ax" 



At{x2) = exp 



Ar(xi) 



li 



which express the well-known slowing down of clocks in the gravitational acceleration 
direction |9]. 
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